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Multiple scattering from gyrotropic bianisotropic cylinders of arbitrary cross sections
using the modeling technique
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Based on the principle of the equivolumetric model, the multiple scattering from two-dimensional composite
gyrotropic bianisotropic cylinder§GBC's) possessing a certain magnetic group of symmetry is studied by
using the indirect modeling technique. At first, a mathematical formulation for the problem is carried out and
its solution expressed in terms of a system of simultaneous linear equations of infinite order. The normal
incident wave can be either TBr TM, polarization. The linear equation system is then numerically solved by
truncating the infinite series. Its numerical results are obtained and presented to characterize the co- and
cross-polarized scattering by some typical composite GBC'’s. Especially, the multiple interactions among all
the modeling cylinders, i.e., the host and guest cylinders as well as the guest and guest cylinders, are examined.
Some phenomena of the interactions are found and discU&Ha63-651X99)05906-1

PACS numbgs): 41.20—-q, 13.40-—f, 03.70+Kk, 77.84.Lf

[. INTRODUCTION square cylinder with cross section of 880.5\, where\ is

the incident wavelength. In Fig.(d), the host GBC is as-

In the past few years, the electromagnetic scattering ofumed to be eccentric with the raij*" with respect to the
plane waves by circular bianisotropic cylindrical objects with coordinate systenO{*(p{*", oM 21Dy (1=1,... M);
different constitutive relations and of various geometries hagne eccentric distances fro@(*?, ... 0™ to O are

been extensively studied by several researctier3]. These denoted bydl(l)

, ; ) . ; 1 (1=2,... M), correspondingly, and the
studies were motivated both by interest in developing new leb he i@ o™ and th isiso Th
techniques for solving scattering problems and by some par"’}nge etween the lind; O™ and thex axis isey;” . The

dii of 20 guest GBC'’s are noted B} (s=2,...,21) in

ticular engineering applications. The approaches used fd@ : S © O S
dealing with bianisotropic models are usually the analyticath® local coordinate syste@q”(pg” , ¢g4” ,Z¢"). It should be
separation variable technique for circular cross sections aneeinted out that these guest cylinders can be partially or all
numerical techniquessuch as the moment and finite- Perfectly conducting, impedance, anisotropic, or isotropic.
difference methodsor square, rectangular, and other irregu- Physically, the constitutive characteristics of GBC's here
lar cross sections. can be described by the following relations in an appropriate
In this paper, we will pay much attention to the multiple frequency rangee("): (i) for the host GBC,
interactions in electromagnetic scattering by two-

dimensional gyrotropic bianisotropic cylindet6BC's) of DM ()] [ (@)1 [ (@0)1]] EM(w)

an arbitrary cross section. The approach employed together | (1)) T e () H (@) |
with the principle of the equivolumetric model in the current " [mn (@)1 Lin ()11

analysis is the modeling technique. This technique was first =1 M 1
developed by Elsherbeni and Kishk for the modeling of ho- S @
mogeneous isotropic cylindrical objects by circular dielectric . ,

and conducting cylinders in 1998]. Recently, it has also and(ii) for guest GBC's,

been used by Ohki, Shimizu, and Kozaki for modeling the © 9 ) ©
beam-wave scattering from perfectly conducting square cyl- Dy'(w)| |leg ()] [Eeg(@)] || Eg(w)
inders[9]. It is shown in this paper that when a suitable By (w)| [ES()] [4P(w)] HY (w) ]’

modeling arrangement including the number, location, and

size of modeling cylinders is adopted, acceptable results for =2 21 )
predicating the scattering features of various bianisotropic o

cylindrical objects of complex irregular cross sections can b

found numerically. Svherew is the operating angular frequency,

[ (@) 1([e (@)D, [a (@) a ()],
Il. GEOMETRY OF THE PROBLEM
According to the modeling pattern adopted [®], Fig. [ ()1 ES)(@)]),  [Ea (@) ([ Eny(@)])
1(a) shows the arrangement of 21 GBC's for modeling a
two-dimensional inhomogeneous gyrotropic bianisotropicare the permittivity tensor, permeability tensor, and magne-
toelectric cross-coupling tensors, respectively, and they are
all in the gyrotropic form corresponding to different mag-
*FAX: (+65) 779 1103. Electronic address: LWLi@nus.edu.sg netic groups of symmetrigd0-13, i.e.,
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y W ordinary ferrite or gyroelectric cylinders. So E@8) and(4)
‘} h are of sufficient generality and can incorporate most practical
applications.
) X Using the principle of the equivolumetic model, the guest
g 7 M 6 5 and host cylinder radii in Fig. 1 should be chosen to be
9\. l l 1 l l 4 incident wave RiMM =0.2500., (5a)

(M)
R, =025 0.0126\,0.0252,0.0518,,0.0252,0.0126:,

) ) \ 3
f S 2 Rés)=0.012&,0.0252\,0.051&,0.0252\,0.012&,

g XU s=2,...,21, (5b)
and just the same as the volume of the square cylinder per
unit,

19 21
TR LY 7RE°=0.252, (50
s=2

while the locations of the 20 guest cylinders with respect to
(@) the host cylinder are determined by

Ay © (pl,ol)=(0.007878°, 22.3233°(0.008256°, 30.2203°
(0.009053°, 457,(0.008256°, 59.7796°
(M) R (s)
Yo (A ¢ (0.007878°, 67.6766°...,(0.009053°, 135F,...,
x® (0.009053°, 225f,...,(0.009053°, 315F.  (6)

®

p’ 9 Numerically, such arrangements are reasonable and accu-

rate enough for predicting the scattering characteristics of

various (in)homogeneous GBC's for a plane-waver a

/s N beam-wavg incidence of TM or TE, polarization. In fact,

(1M) ; (M) changing the number and location of guest cylinders or their
h constitutive parameters, a large number of different two-

dimensional GBC’s can be produced, and therefore their
(b) scattering features can be understood.

FIG. 1. Geometry and coordinates of 21 parallel circular host . FIELD EXPRESSION

and guest GBC'’s for modeling one GBC with square cross section Th itati b . ided b | lect
0.5X0.5\%. The separation between cylindegsand s (s#q, g € excitation above IS provided by a plane electromag-

=12, ...,21) isdetermined byD, and usuallyREM >R (s ngtic (EM) wave, @ncluding ™™ and TE poI.arizations

=2,...,21). All thecylinders are embedded in an unbou?]ded iso-S'ETl,\JAI;[an(??HSIy('l N\|/)V|tf(11 Nf)eSpeCt to the 909rdmate Sys_tem

tropic medium with permittivitye,, and permeabilityu,, . O™ (pn ™ ven ",z ™), the normally incident wave is
expressed as

Cii'(w) iC{(w) O

Eiznc AtmEo]| i am) (1M)
. S - ikp, ™ cog o — ¢q)
(G (@)=| —iChBw) i) 0 |, Hre| ~lAHo " D
0 0 Ciz (w)
wherek= wupep. For TM, polarization,Ary=1 andAqg
C=e, 1,0 Em, 3) =0, while for TE, polarization,Arg=1 andAty=0. In the
e guest coordinate  system O (p{?,0{¥,z) (s
. =2,...,21), thencident fields are expressed as
Cillo) iCHw) 0 e P
[CO(w)]=| —iICH(w) C{(w) (? . @ Eee
0 0 Cy(w) Hinc(s) - : Lo ~
Obviously, both the chiroferrites and chiroplasmas are in- H?;c(s)
cluded here[14-16. When the magnetoelectric cross- ® (8a)

coupling tensor§ £5:V1([£5)]) and[ €5 1([£5%)) are cho-
sen to be zero, the above GBC's are naturally turned intavhere
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J's 0 E(LD) XD G
- 0 J© Zt| o (1) (L)) |
G91=| e | (8b) H((Z£|> _3 X§H X [ D! o Jansti?
| 1 - 1 1 _ 1) )
o o I PR [CRR LR
Y o X Xy
and 7=y en, IP=35(kpl), I = 93,001 X]yos 9. (11b)
whereasJ,(-) is the nth-order Bessel function of the first whereX(}" (v=1, ...,8) arepresented in Appendix A,
kind. The scattered fields of the tangential components from
the guest cylinders are expressed as |1, =1,
o)1=
0, 1=2,... M,
-
scas ® S
H; =S el R 9 and D{X) andD{L) are also the unknown mode expanding
EX® | o b(s coefficients.
prca(S) To determine the unknown mode expanding coefficients,

the boundary conditions for the tangential components of the
where [A®]=[3O],_y;, and HE=HD(kpl), HE' electric and magnetic fields af")=R{M (2<I<M) are to
AN be enforced. This requires that the fie{d&b must be trans-
= aHB(x)/x H(M(.) is thenth Hankel functlon of ) .
() 7x]c- o Hn () lated into the coordinate syste@f"(p{t) o) 2(1Dy ys-

the first kind, anda(b)(s) are the unknown scattering coeffi- jng the translational addition theoreﬁﬁATM) for cylindri-
cients to be determined from the boundary conditions. Theg| wave functions, i.e.,

scattered field from the host cylinder takes a similar form as

Eq.(9) v(vhr)]ere the unknown scattered coefficients are denoted Z.( \/@pﬁ'b)em‘f’#'n
by a(b),"” . -
Substituting Egs(1) and (2) into Maxwell's equations
and using the technique of the generalized separation vari- = > Zmn(VSENAD)Z, (VSEDpiLhy
ables, it is found that the tangential field components in the m===
GBC regions pP<R{¥) in the coordinate system o eilmel —(m-n gl ] 12
oL (p{?, o ,z(s)) for guest cylinders are written as
So Eq.(11b becomes
EF=2 B, HY=2 HY
' < 1 (1) (L
B ELD Xgd XY
1, o o S (1
HEL < < Xgt) X
Efps>_2 Efpsl, HEPS) Z ngsl, (108 E(ll —m;w n;x XL X
) - -
e et XE X
D(11|+ !
(s) (s) n gime”
B2l [ [(1 ERGTTI L
HE) S X (s) aing®
y | = DY, e"%, 10b ~ . .
EQL | e | XL |7 (10b) whereX(}) (v=1, ... ,8) arealso presented in Appendix A.
HE. X To enforce the boundary conditions on the external sur-

face p{"™ =R and p{P=RY (s=2,...,21), the
whereX{® (v=1,3,5,7) can be obtained by following the TATM shown in Appendix B for the Hankel function should
ways adopted i12,3] and their expressions are suppressed’e¢ employed. Furthermore, 21 system equations of infinite
here:D{®), are the unknown mode expanding coefficients. order for 21 cylinders can be derived, and for the host cyl-
For the host cyllnder the tangential field components in thdnder,

Ith layer (=1, ... M) are expressed similarly to that in Eq.

(109, i.e., [X(Nllg\/l LXL[X(l)]LXL[X(l1]L><L[Dl+]L><l
(h) 21 + o0
EM-3 ER, HI=S I, (AR pin | ~Onnl 2, 2 Ho (ko)
i(m-n)e! ay
EEPLI):E Efpll), prl,l)_z ngll), (11@ Xe s bnS)

—jma- Im<poelkph [J(l) ] (14

and in the coordinate syste®{"V(p{*?, oMV, z{1D),
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FIG. 2. 0°¥°°s3 yersuse for an isotropic square cylinder (.5 0.5\) and two eccentric GBC cylinders.

where[ X(1], | are shown in Appendix C and the third term IV. NUMERICAL RESULTS AND DISCUSSION
on the left side of Eq(14) accounts for the multiple interac-

tions between the host and guest cylinders. For all the gueat]i
cylinders, a similar equation system can be obtained, i.e.,

Some computeFORTRAN codes have been developed in
s paper for calculating the co- and cross-polarized echo
widths ¢°@°°s$ of various GBC's. For practical consider-
ations, we first lek,= ey and up= . At first, the validity

of our codes, including the accuracy and convergence rate,
have been checked indirectly by computing the normalized

(s)
~ a
[X(S)][DS)]Lxl_[Hﬁ)][ b?f)

21 4+ o\ of isotropic square cylinder as shown as in Fi¢p)2It
SESIDIEDS Hﬁnlln(qus) is clear that excellent agreement has been achieved between
q=2 n=—c the results in this paper and that obtained by the method of

97s momentg 8]. The parameters used for calculations are cho-
(a)

. NN sen to bef =10 GHz, Ny=8, and¢,=45°, for the follow-
X @~ Hm=n)e,) ;
b(® ing. i
Case (@: [efV]=[e]=4.0e0l, [n{P]=[ny]
—jMe—imeoaikpg cos(zpéﬂpo)[j(S)] Atm ., (15 = ol ,
™ Ate
(L)1 10D _i10°6./ r
where[D®], ,,=[D{), D{)_00]" and the third term on [€eh 1= ~Lemh 1= 110 "V poeal,
the left side of Eq.(15 also accounts for the multiple- o -
scattering contributions among all the modeling cylinders. [€69]=—[&mg)=—110"%uosol, s=2,...,21.

To find a solution of the unknown coefficiersgb) " and @ D o L D)
a(b)® (s=2,...,21), allequation systems must be prop-  C@se(b): KoRi""=0.942,¢5,'=0°, kodz;'=0.419,
erly truncated to form a finite matrix system and then solved

. . . . e 1,)q_ r 1)) _
numerically after such a truncation. Physical intuition sug- [ehP]=12.60l, pis’=po,
gests that the truncation  number No{m,n= .
~No, ... No, L=4l('aNo+;)} depleMnds mainly on the elec- iy = powls ofm Lo — ©?],
tric size of mafkR™}. SinceR(™ >R, N, becomes

i H_ ) 12
not very large for the electrically nonlarge case, so that a Mﬁllz)——ﬂowwﬁlm)/[w%) — ],

numerical solution is feasible. The far-zone scattered field
can be computed after using the large argument approxima-
tion of the Hankel function, and the corresponding formula-

tions for determining of the co- and cross-polarized echo

widths €3 can be found if5]. 1=1,2, " ogm’ =06,

ML 1o=0.275T, wii)=221x1PM(L",

hm
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AT =01, (&)= ~[&51=~110"*Vigeql

4.0 i0.5 0
[8g1,2>]:[8<gs>]:80 —-i0.5 40 0|,
0 0 45

G co(cross)/ A

[k ?1=[ng], s=2,....1,

[E521= —[EaP1=[E0]=—[&5)

—-i0.6 —-0.3 0
Mo€0 03 —|06 0 (Doo),
0 0 —i0.8

Case(c): the parameters are the samdla}s except that

[E21=[EmR1=[ES1=1 &)

-i0.6 -03 0
moso| 03 —i06 0 |(C,,).
0 0 -io8

(;co(cross)/}L

In Fig. 2@), we let[ &Y= —[&ED]=—i10Juoeol
and [£9]=—[&5]=—110"%ugeol (s=2,...,21); so
they have no contrlbutlon to the copolarized echo width for N N S =
TM, or TE, incidence. Comparing Fig.(&) with the results 0 60 120 180 240 300 360
shown in[8], it is clear that our modeling arrangement p(degree)
is much more accurate. In Figgk? and Zc), the core of the
eccentric GBC is assumed to be ordinary ferrite with internal g5 3 sedeross yersus o for an eccentric GBC cylindef
bias field intensity o5/ w{’=0.6, and the modeling =10GHz, Ny=8, ande,=45°.
arrangement is produced by removing guest GBC's
{1,2,3,4,% and {12,13,14,15,16from Fig. 1(a). Therefore, tion, it is very interesting to note that, for the TEase, good
the locations of the remaining ten guest GBC's are deteragreement is achieved among the curves 1, 2, and 3 in Fig.
mined by (g, ¢s)=7(0.007878,112.3233°), (8.008256, 2(c) for 0°"*%%

120.22035, 9(0.009053,135° 10(0.008256,149.7796° Furthermore, Fig. 3 depicts the cross sec@6f°sS of a
11(0.007878,157.6766; 17(0.007878,292.3233° composite GBC corresponding to two kinds of constitutive
18(0.008256,300.2203° 19(0.009053,315° 20(0.008256, models for TM- and TE-wave incidences, respectively. The
329.7796%, and 210.007878,337.6766,° respectively. The solid line in Fig. 3 stands for the parameters used for the
constitutive tensors of the guest GBC'’s are chosen to be thealculation being the same as in FigbR except that 15
same as the outer layer’'s constitutive tensor of the host cylguest GBC's are used. For the dotted line the parameters are
inder (M=2). They correspond to continuous magneticthe same as in Fig.(@) (15 guest GBC’s

groups of symmetrieB,, andC,,, [10]. Especially, in Figs. In Fig. 3, the locations of the 15 guest GBC's are given
2(b) and Zc) the multiple interactions between the guest andby  (ps,¢<)s=15= (<, Ps)s=101{12(0.007878,202.3233°
host GBC, Eq.(1), as well as the guest GBC's, are demon-13(0.008256,210.2203° 14(0.009053,2255 150.008256,
strated fora®®°°sS, Here curve 1 represents that only the 239.77969, 16(0.007878,247.6768F, and the dotted lines
multiple scattering between &7, 1=8, 19, 110, represent the case of continuous magnetic group of symme-
111, 1217, 118, 1219, 120, and =21 is consid-  try C,,, [10]. For curve 1, only the multiple scattering be-
ered, while the multiple scattering among all the guestween k=7, 18, 19, 110, 111, 112, 113,
GBC's {7,8,9,10,11,17,18,19,20, Ris not included. For 114, 115, 116, 117, 118, 119, 120, and
curve 2, only the interactions of 2117, 7<1<8, 121 is considered. Similarly, for curve 2, only the interac-
8=1e9, 921410, 1021211, 1117, 17118, tions of 2k=1e7, 718, 819, 92110, 10=1
18=1<19, 192120, and 282121 are taken into ac- <11, 1112, 122113, 132114, 141415,
count. Curve 3 stands for the most general case in which all51<16, 162117, 12118, 18=1<19, 19=1
possible multiple-scattering contributions are considereds 20, and 2@ 1< 21 are included. By comparing the curves
With respect to the locations of two groups of guest GBC'sof the TE-wave incidence with those in Fig(l®, it can be
17,8,9,10,11 and{17,18,19,20,2} the incident wave in the seen that(i) the multiple interactions among the modeling
¢o=45° direction is just the broadside incidence. Physically cylinders are enhanced due to the introduction of cylinders
Fig. 2(b) suggests that, for TMincidence the effect of mul- {12,13,14,15,16in the forward range of the incident wave
tiple interactions between two groups of guest GBC’s is aand (ii) for both incidences all multiple-scattering contribu-
little bit stronger foro® than that of the TEcase. In addi- tions must be considered. On the other hand, it is obvious
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FIG. 4. 0°¥°°s3 yersuse for a concentric composite cylinder.

FIG. 5. ¢°¥°°3 yersuse for a composite concentric perfectly
that in Fig. 3, compared to the magnetic group of symmetryconductIng and GBC square cylinder (8:50.5\).
D.., stronger co- and weaker cross-polarized scattered field

components for the symmet@,., can be expected for either
TM,- or TE,-wave incidence.

Figure 4 shows ther®®®™s3 of a composite concentric
perfectly conducting and GBC for a Thvave case, in which
the darkened regions are assumed to be perfectly conductin
The parameters are chosen tofbel0 GHz,

TM,-wave incidence, and the ordinary gyroelectric case is

also shown {=10 GHz, ¢,=90°, k,d¥=0.628, N,
=8). For case(a) the parameters of the ferrite and GBC

regions are the same as in FigbR while for case(b) the
arameters are the same(bg, except that

No=8, ¢o=45°, kody'=0.0 [E6:71= —[£mP1=[60]= —[£pl=—110"%Vuosol,
[eMV=12.6c0l, wiS = puo, s=2,...,11(ordinary gyroelectric medium
In Fig. 5, the darkened regions are perfectly conducting,
Mh]il)_lu wh1'> <1'>/[ 1'> w?], and the location and geometrical size of the ten PCC'’s and
ten GBC's (ten GEC’g are the same as in Fig. 1. In the
ME]ll,lz): _Moww% /[wm —w?], modeling of such a composite structure, all multiple interac-

tions between different PCC’s and GBC's are also taken into
account, and for cas@), no cross-polarized scattered field
component can be expected for this ordinary composite gy-
roelectric square cylinder for either normal TMor
TE,-wave incidence.

M 10g=0.275T, wit)=2.21x10°M5",

1=1,2, wsYwitV=0.6,

[gfelh'l)] =—[ém o D —i10 °Ju 080I
V. CONCLUSION
—10.6 _.0'3 0 The electromagnetic scattering from some two-
[66:71= —[&ni?1=Voso 03 —i06 0 dimensional composite gyrotropic bianisotropic cylinders
0 0 —i0.8 has been investigated, and our attention has been paid to the
_ multiple interactions among the modeling cylinders. Also,
40 05 O the global effects of the geometrical and constitutive param-
[ell?]=go| —i0.5 4.0 0 [(D*), eters of gyrotropic bianisotropic cylindrical structures corre-
0 0 45 sponding to different magnetic groups of symmetries on the

co- and cross-polarized echo widths have been examined
w52 o{+?=0.1 (a), 1.0 (b), and 2.5(c). carefully. It has been proved that the indirect modeling tech-
In Flg 4, the location and geometrical size of the tennique possesses the advantages of simplicity and efficiency
perfectly conducting guest cylinders are the same as in Figinder some circumstances.
2(b), while the internal bias field intensiy{s?/ {2 of the
host GBC is increased from 0.1 to 1.0 to 2. 5 Under such
circumstancesg©©°s$ can still be adjusted effectively as in
ordinary ferrite by varying the biasing field intensity or its ~ This work has been supported by the Research Project
direction. On the other hand, numerical experiments cafNo. RP3981676 from the National University of Singapore.
prove that the multiple interactions among the modeling cyl-
inders are enhanced greatly since the guest cylinders are the
perfectly conducting strong scatters.
Finally, Fig. 5 depicts ther°*°s$ of a composite eccen-  In Eq. (11b), the related variables with respect to the co-
tric perfectly conducting and GBC square cylinder for aordinate systenGLl’l)(pﬁl'l),<P§11'1),z§11'1)) are expressed by
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1)) _ <(11)7(1,1)
X =803, M= [SED ARSI 4+ AGDQED),
X(ll) S(ll)Nfﬁ’B ’ N(,,l")zA(212")S(+1")+A£112")Q9") ’
ll) (1hH (LY
=0 dn XD = [SINALDSID 4 ALDQEN),

(1)) — (1) (11)
s Y= A S AU

(1)

inN
I | ! = 1) 1) 1] iN\2 1N
x@h— —panyes - Do g qan_— (P4 PG \(PET =PI 2P TR
Ph + 2 !
,inNGD D) | |
Xgt'= = MUEINGD — —75- NG, SE(SE+ P
" pp? " QM =—i Pl , (A3)
2
iny()
1) _ 1) 1(1,)’ * 1,1 | i 1) £(1)
e N T N, an_. AF a5 () + A Eni(w)
Ph Pl =lw A(l) y
|
iny
1) _ 1Hn(LD’ 1,1
Xgi)__x(i )Ngli) — NE\Ii) (A1) N A(lI)MIh(ZlI)( )+A(1I)§(1I( )
Ph P(Z’):_(x) A(l) ’
I

and
A5t el () + A £ ()
A(l)
| 1

1, 1] 1,
I =3 (VS pft), PUD = o 22

N&D = S(ll (i,])
nl+ Nn( Ph ), | | |
AGVER (0)+AS s (w)

P= i

=3 ET, AT '
N/ ' IINGY INGY
NG =Ny ST SO-APAY AR,
1=1,2,... M, (A2) and
|
AGY ALY AGY ARY —wéil o) iefil(e)  —oepiB(e)  ieufi(e) ]
AR AD) AZ A | Cieti(e) —ethie) —iopfi(e) —ou(e) 5)
AR A% AR Aﬁé” weph (o)  —iosi (o)  oégyo) —Iwiélh'f(w) ’
A(lﬁ’l) A(ll) A(ll) A(ll) sthll)(w) wshl)(w) iwf(elﬁll)(w) §eh12(w)
while in the coordinate syste@{)(p(*", o, 2,
~ (D) L
X =emim=men ngltVI)|(J,H)H(J,H);1HIi (A6a)
It =In(VSEVp 3o (VSE D),
() =H (VS p(M) 3o (VSEd(D). (A6b)

APPENDIX B

To transform the scattered fields of théh guest cylinder =2, . .. ,21) with respect toO(S)(p(S) go(s) zés)) to thegth
guest coordinat®{? (p{?, (¥ ,z{?) (s#q), we must have

+

H(l(kp<s>)em¢g _ 2 HD (quS)Jm(kpgm)ei[mw(gmf(mfn)qoqs) (B1a

and

Das=po+pi®—2peps O g~ L), (Blb)
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. 1( Pg COSPy— pg COSEg

cos 5 . PgSineg=pgsineg,
0qs= o 605 p! GO (B19)
—cosl( a 4 |, pgSine <pssine;.
DqS
APPENDIX C
The boundary equations pf*) =R R(M2 . REP . REM=D can be expressed as
[XP T x [DE T =[XB s [DE T 1, (Cla
[X55 1 xl [D52 T =[ X5 T [D52 T, (C1b
[Xpp Lt [DpR 1 ca =Xt 1) L [P 1+ I xas (C19
[xgiﬂ)fl)(M71)]L><L[D§\/Il)fli]L><l:[xzﬁll)fl)M]LXL[D(N})t]Lxl- (C1o
Combining Eq.(C1a, with Egs.(C1lb—(C1d), we have
[DMA L= X X T [P s (C2a
and
X =X X T DX 1) JIXERT - IX M - 1y m—1)] TX (M- 1ym]s (C2b)
where
[D52lx1=[D1? D5 D DoTT,
[D]x1=[D{Y DiRY 0], (C29

with the superscripT standing for the transpose of a matrix.
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